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Abstract:- Voronoi diagrams have useful applications in various fields and are one of the most

fundamental concepts in computational geometry. Although VVoronoi diagrams in the plane have been
studied extensively, using different notions of sites and metrics, little is known for other geometric
spaces. In this paper, we present a simple method to construct the VVoronoi diagram of a set of points
in the Poincare hyperbolic disk, which is a 2-dimensional manifold with negative curvature. Our trick
is to define and use some well-formed geometric maps which take care of connection between the

Euclidean plane and Poincare hyperbolic disk. Finally, we give a brief report of our implementation.
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1. Introduction
Voronoi diagrams for point-sets in d-

& EY the (closest-point) Voronoi diagram of

dimensional Euclidean space EY have been . . .
M associates each p € M with the convex region

studied by a number of people in their original as R(p) of all points closer to p than to any other

well as in generalized settings. For a finite set M L.
g g point in M. More formally, R(p) = {x € E¢ | d(x,
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p) <d(x, ), ¥YqeM—p}, where d denotes the
Euclidea distance function. Voronoi diagrams
are of importance in a variety of areas other than
computer science whose enumeration exceeds
the scope of this paper (see for instance
Aurenhammer's survey [3] or the book by
Okabe, Boots, Sugihara and Chiu [18] ). Shamos
and Hoey [21] were the first to introduce the
planar diagram to computational geometry and
also demonstrated how to construct it efficiently.
Using a dual correspondence to convex hulls
discovered by Brown [5], its higher-dimensional
analogues can be obtained using methods in

Seidel [20].

As the variety of applications of the Voronoi
diagram were recognized, people soon became
aware of the fact that many practical situations
are better described by some modification than
by the original diagram. For example, diagrams
under more general metrics [15, 16], for more
general objects than points [9, 13], and of higher

order [10, 14, 21] have been investigated.

The interesting properties of \Voronoi
diagrams attracted our attention to ask a natural
question whether they will be satisfied in other
spaces, especially for hyperbolic surfaces.
Hyperbolic surfaces are characterized by
negative curvature and cosmologists have
suffered from a persistent misconception that
negatively curved universe must be the finite 3-D
hyperbolic space [23]. Although we do not see
hyperbolic surfaces around us, often nevertheless
nature does possess a few. For example, lettuce
leaves and marine at worms exhibit hyperbolic
geometry. There is an interesting idea about
hyperbolic plane by W. P. Thurston that if we
move away from a point in hyperbolic plane, the
space around that point expands exponentially
[22]. Hyperbolic geometry has found
applications in fields of mathematics, physics,
and engineering. For example in physics, until
we figure out whether or not the expansion of
the universe is decelerating, hyperbolic geometry
could be the most accurate way to define the

geometries of fields. Einstein's invented his
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special theory of relativity based on hyperbolic

geometry.

Now we switch to some applications of the
Voronoi diagram in hyperbolic spaces. In [19]
the authors deal with Voronoi diagram in simply
connected complete manifolds with non- positive
curvature, called Hadamard manifold. They
proved that the facet of VVoronoi diagram can be
characterized by hyperbolic Voronoi diagram.
They considered that these Voronoi diagrams
and its dual structure, Delaunay triangulation,
can be used as mesh generation, computer
graphics and color space [6]. Another application
of Voronoi diagram in hyperbolic models is
triangulating a saddle surface, which is a part of
the triangulation of a general surface. On general
surface, some parts have positive curvature,
other parts have negative curvature and other
parts near zero. In such cases, one can divide the
surface into some parts, make triangulation of

each part according to their curvature.

Further applications of the VVoronoi diagram in

hyperbolic spaces are devoted to the Farey

tessellation which is studied in [1]. The
Teichmuller space for T2 is the hyperbolic plane
H2={z=x+iyeC|y> 0} T? can be thought
of as the quotient space of R2 over the lattice
{m.1+nz|m,neZ}c C. Let X c H? be the set
of all parameters z corresponding to the tori with
three equally short shortest geodesics (i.e., tori
glued from a regular hexagon). Then the Farey
tessellation is nothing but the Voronoi diagram

of H? with respect to X.

Such applications motivated us to study the
Voronoi diagrams on hyperbolic spaces. In [17],
the first two authors of this paper have studied
the Voronoi diagram in Poincare hyperbolic disk
where the running time of the proposed
algorithm was O(n?). In this paper, we present a
new method to compute the VVoronoi diagram in
Poincare hyperbolic disk whose expected worst

case running time is O(nlogn).

This paper is organized as follows. In Section
2, a brief introduction to Poincare hyperbolic
disk is studied. Section 3 briefly reports the

required maps we used to transfer the Poincare
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hyperbolic disk to the Euclidean plane R?,
compute the Voronoi diagram in R? and then
transfer it back. Section 4 is devoted to some

Implementations.

2. Poincare hyperbolic disk

The Poincare hyperbolic disk is a two-
dimensional model for hyperbolic geometry.
Therefore it has a negative curvature and defined
as the disk D? = {(x, y) € R? | x? + y? < 1}, with

hyperbolic metric  4s? = (dz““v’ . See [2]

1—z2—y?)2

and [12] for details.

The Poincare disk is a model for hyperbolic
geometry in which a geodesic (which is like a
line in Euclidean geometry) is represented as an
arc of a circle whose ends are perpendicular to
the disks boundary (and diameters are also
permitted). Two arcs which do not meet
correspond to parallel rays, arcs which meet
orthogonally correspond to perpendicular lines,
and arcs which meet on the boundary are a pair

of limit rays (see Figure 1).

Figure 1: Poincaré disk and some of its geodesics

The equation of a geodesic of D2 is expressed as either:

2?4+ y? — 2z —2%by+1=0, with a®+b>>1,

or

ax = by.
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. ) . .
Geodesics are basic building blocks for from the metric of D%, consider two point zi(xi,

) .
computational geometry on the Poincare disk. y1), Z2(X2, y2) € D?, the distance between z; and

The distance of two points is naturally induced 22, denoted by d(z,, z2), can be expressed as

d(z1,22) = / ds
the geodesic connecting z1 and z2

-1, 22— 2
— Z122
3. Our method
Suppose we are given a set S of n points plane. The maps are defined between four
(representing sites) in D2 To construct the hyperbolic models and Euclidean plane, denoted
Voronoi diagram, we use a combination of four by D?, S?, K2, H? and R?, respectively. In [7],
maps to transfer these sites into the Euclidean Cannon et al. have an elegant discussion about

these hyperbolic models:

1. D? = {(z,9): s +4° <1},
d:z:2-|-d'y2

dsps = (I=27—y)?

2. 82 = {(z,y,2): 22+ 9> +22=1,2> 0},

2 d:c2+dy2+dz2
dsgs =5

3. K2 ={(z,y): z®2+y% < 1},

g s dz’+dy®
dSKz == 4(1_1,2_,_,;2)2
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4. H? = {(z,y,2): 22— 2?2 —y? =1,z > 0},
ds%lg =dz? + dy? — dz2.

The list of maps that we defined and used is (c) A central projection map from the point

given in the following: (0,0, 0), f3 : K2 - H?2 that

(@) A central projection map from the point

(z,9,1) — ( $2 2’ y2 2’ 12 2)'
(01 01 _l);fl: D2 - 82 that \/1-% -y \/1_$ -y \/1-{17 -y
2z 2y 1= x2—y? (d) A central projection map from the point

e (1+m2+y2’1+w2+y2’1+w2+y2 '

0,0, 2), f4 : H2 — R? that

-2 -2
(:L‘, Y, z) — (%’ z—_y2)
(b) A lifting map f : S> — K2 that
X, y,2) = (x,y,1) Figure 2 is an illustration of the above mentioned

spaces and the connecting maps.
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Now by using any algorithm in [4] for
constructing the Voronoi diagram of the
transferred sites in R? which has the worst case
running time complexity O(nlogn), the
combination of the inverses of fi's will allow us
to obtain the Voronoi diagram in D2 This
combination is robust, as the subsequent theorem

verifies.
Theorem 1:

Let z1 and z be two points in R? and J be their
bisector. Then f(J) would be the bisector of f(z1)
and f(zz) in D? and f = fi? o f;2 o0 fst o f4!
where fi ’s (i =

1, 2, 3, 4) are the above

mentioned maps.
Proof:

Since we use the geodesics in each hyperbolic
models and Euclidean plane R2?, by using the
corresponding metrics ds?, we obtain that the
bisector of two given points z: and z2 in R? will
be mapped to the bisector of f(z1) and f(z2) in

D? and vice-versa.

As the complexity of the mentioned maps are
linear, we conclude that the complexity of our
method to compute the VVoronoi diagram of a set
of sites in D? is O(nlogn) using any algorithm
with the complexity O(nlogn) to compute the
Voronoi diagram in R? for the transferred sites
from D? and this yields the following main

theorem of our paper.
Theorem 2:

Hyperbolic Voronoi diagram can be constructed

with an O(nlogn) time complexity algorithm.

4. Implementation

In this section we present our implementation,
and discuss its performance in some series of
experiments, designed to test different aspects of
our algorithm and implementation. Our code has
been written in C++, and for visualization we
have used MATLAB. Our implementation with
C++ have three main steps: in the first step we
transfer our points (sites) from Poincare disk to

R2. In this step the program reads the coordinates
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of points from a file and then uses some methods
and functions to transfer them to R2 In the
second step we work on transferred points and
use Fortune's algorithm and draw the Voronoi
diagram of points. Source code of the Fortune's
algorithm is available in [11, 24]. The output is
the end points of the voronoi edges in R?. In the

third step we transfer the end points to the

run on an ASUS Notebook Z53 j series with 2.0

GHz core 2 duo CPU and 2 GB DDR2 RAM. In

Poincare disk. So we use the inverse mode of the
maps defined in the first step. The output is the
end points of VVoronoi edges in Poincare disk.
Since we have the formula for a geodesic in the
Poincare disk, so we can draw Voronoi edges
easily. We have used Visual C++ in Microsoft
Visual Studio.NET 2005 with .NET Framework
2.0 and MATLAB Ra 2006. All experiments
Figure 3 the result of our implemented method

for five random sites situation is given.
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Figure 3: Result for the nine random sites in R? and D?
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